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According to Maxwell, there are four equations that govern the time evolution of the electric and
magnetic fields, E = E(x,y, z,t) and B = B(x, y, 2,t), in a vacuum.
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p=p(z,y,2,t) and J = J(x,y, z,t) are the charge density and the current density (also known as
charge flux), respectively—both are given. The goal is to derive general formulas for E and B in
all of space, that is, with no boundaries. Before starting, observe that taking the divergence of
both sides of the first equation yields the continuity equation.
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Since c?eguo = 1, we have
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This is a solvability condition: In order for E and B to exist, p and J must satisfy the continuity

equation. In other words, p and J can’t both be arbitrary. To physically interpret this equation,
integrate both sides over a closed three-dimensional volume.
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Apply the divergence theorem on the right side.

CZ///VpdV:—//SJ-ds

The rate of accumulation of charge in a volume must therefore be equal to the net rate of charge
influx across the boundary.
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Repeat Maxwell’s equations.
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Differentiate both sides of the first two equations with respect to time.

0 0

OE\ )
I?’E OB 0J
= (ant‘“f’at>

(?925:62 [VX(_VXE)—MO%:]
%i];]__czvX (VXE)—CQMO%:
8;]23 = —?[V(V-E) - V’E] — 610%;
o ofo(z) v 1
%23 — *V’E - EZVP - 610%;

2
%;23 =-V x %]f
(?;]23:—V>< [CQ(VXB—M()J)]
88275123 = —c*V x (VxB) +c2pgV x J
a;];’ = —’[V(V-B) = V’B] + ®oV x J
a;f’ = —2[V(0) — V2B] + 2oV x J
0’B

o2

=AVPB + AV x J

We find that the electric and magnetic fields satisfy their own inhomogeneous wave equation.
These will be solved in all of space for ¢ > 0 with two prescribed initial conditions.

E(‘rvya Z, 0) = EO(xa y,Z)

OE
E(xﬂﬁ 2, 0) = E{)(xayv Z)

B(z,
0B

y,2,0) = By(z,9, 2)

7([6,1/, 2 O) = BE)(.ZU, Y, Z)

ot

Because these wave equations are linear, the general solutions for E and B each can be written as
the sum of a complementary solution and a particular solution.

E=E.+E,
B=B.+B,

The complementary solutions satisfy the associated homogeneous wave equations with nonzero

initial conditions.

O’E 0’°B

8t20—02V2EC, —o00 < x,Y,2 <00, t>0 8720:02V2Bc, —o0o < x,Y,2 <00, t>0
Ec(xay)zvo) :Eg(l’,y,Z) Bc(ﬂUaZ/,Zvo) :BO(‘T’ywz)

OE, 0B,

5 (z,y,2,0) = Ef) = 02(V x Bo)(x,y, 2)
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The Complementary Solutions

The general solution to the homogeneous wave equation in space is given by Kirchhoff and Poisson’s formula (see Appendix A).

0 1
Ec(x7y727t) = a [471_0275 //

(zo—2)*+(yo—y)?
+(z0—2)%2=c*t?

0 1
B.(z,y,2,t) = ot legt //

(zo—2)*+(yo—y)*
+(z0—2)2=c?t?

Eo(x0, Y0, 20) dSo] +

Bo(x0, yo, 20) dSo] +

1
s [ R x B ) ds:
(zo—2)*+(yo—y)*
+(z0—2)%2=c?t?

v
Amc?t

(zo—2)*+(yo—y)*
+(z0—2)%=c?t?

[—(V x Eg) (20, Y0, 20)] dSo

These surface integrals are over the sphere in xgyzo-space centered at (z,y, z) with radius c¢t. Write them explicitly by using spherical
coordinates (g, ¢o, 0p), where r¢ is the radial distance from this sphere’s center, ¢¢ is the azimuthal angle, and 6y is the angle from the
polar axis.

T — x = ctsin fy cos g
Yo — y = ctsin 6y sin ¢g

zp — z = ctcos by

As a result,

0 1 ™ 2 ' 1
Ec(z,y,2,t) = 875[4#0275/0 /0 Eg(ct, ¢o,00)(c*t* sin 0 d%deo)] + o //

(zo—2)*+(yo—y)*
+(20—2)%=c?t?

8 1 T 2T . 1
B.(z,y,2,t) = a1 |:47T62t /0 /0 Bo(ct, ¢o, 60)(62t2 sin B deo d@o):| T Are2t //

(zo—2)*+(yo—y)?
+(z0—2)%2=c?*t?

(V x Bg) (o, Yo, 20) dSo

(V x Eo)(z0, Yo, 20) dSo.
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Bring ¢?t? out in front.

8 t T 2T ] 1
E.(z,y,2,t) = g [477/0 /0 Eo(ct, ¢o, 6p) sin Oy dey dgo] + yp // (V x Bg) (20, yo, 20) dSo

(zo—2)*+(yo—y)?
—&-(zo—z)2:c2t2

o t T 21 ] 1
Be(z,y,2,t) = 315[477/0 /0 Bo(ct, o, 0o) sin p dgy d90} iy // (V x Eo)(z0, Yo, 20) dSo

(z0—2)*+(yo—y)?
+(z0—2)2=c*t?

Evaluate the time derivatives by using the product and chain rules.

1 i 271 ) 27 an a )
E.(z,y,z,t) = y . Eo(ct, ¢o, 00) sin Oy depo dby —|— (ct ¢0,90)a (ct) sin Oy doo dby

1
T // (V x Bo) (w0, Yo, 20) dSo

(zo—x)2+(yo—y)>
+(zofz)2202t2

2 2
B.(z,y,z2,t) = [4 / / Bo(ct, ¢o, 0p) sin by dey d90+ / / aBO (ct (;50,90)88 (ct) sin 6y depo dQO]
T

: // (V x Eo)(xo, 40, 20) dSo

 Anclt
(zo—2)?+(yo—y)?
+(20—2)%=c?t?
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Evaluate the remaining derivatives.

27 t 27 8E '
E.(z,y,z2,t) = [477/ / Eo(ct, ¢o, 0o) sin Oy dpo dby + 471/ ; 8r0(6t ®0,60)(c) sin Oy dego dﬁo]

1
R // (V x Bo) (w0, Yo, 20) dSo

(zo—2)*+(yo—y)?
+(z0—2)%2=c?t?

1 T 27T . t T 27T OB ]
Bele.y2.0) = | [ [ Bolct. o o) sinddonas + - [ [0 et 0. 00)c)in o

: // (V x Eo)(zo0, y0, 20) dSo

" Arnc2t
(zo—2)?+(yo—y)?
+(20—2)%=c?t?

Prepare to write the differential as d.Sy again.

27 21 E
E.(z,y,2,t) = ypn [c%/ / Eo(ct ¢>0,00)(c 2 sin 0 doy dfy) + / / 9 °0 (ct gbo,ﬂo)(c t2 sin 0y dob dQO)]

+ f // (V x Bo)(x0, Y0, 20) dSo
t

(mo—2)%+(yo—y)?
+(z0—2)2=c?t?

1 1 27 27r
Bew, .26 = -y [t / Bo(ct, o, 60) (c2t2 sin B do dfg) + / / T20 (¢t 0, 80) (¢4 sin g o d%)]
0 0

1
T Inclt // (V x Eo)(xo0, 40, 20) dSo

(zo—2)*+(yo—y)?
+(z0—2)2=c?t2
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Write the integrals in square brackets over the sphere centered at (x,y, z) with radius ct.

1 1
E.(z,y,z2,t) = 47r02t[

1 1
Bc(%% Zat) = m [t

// Ey(ct, ¢o,00) dSo + ¢

(zo—2)*+(yo—y)?
+(z0—2)%2=c*t?

// Bo(ct, b, o) dSo + ¢

(zo—2)*+(yo—y)?
+(zo—z)2:02t2

// gro(ct qSO,GO)dSo]

(zo—2)*+(yo—y)?
+(z0—2)%2=c?t?

1 2
T it // ¢”(V x Bo) (o, 40, 20) dSo

(zo—2)*+(yo—y)*
+(z0—2)%2=c?t?

// %BO (ct, ¢0,eo)dso]

(zo—2)*+(yo—y)>
+(zo—z)2:c2t2

1
T el // (V x Eo) (w0, 50, 20) dSo

(z0o—2)*+(yo—y)?
+(z0—2)2=c?t2

Therefore, combining the integrals, the complementary solutions are obtained.

// < Eo—f—C%E()—FCQVXBo)dSO 62t //( Eo—i-CaEO—i-CVXB())dSQ
To

1
EC(I',y,Z,t) = m

1
Bc(xvy’zvt) = 47T62t

(wo—2)2+(yo—y)?
+(z0—2)2=c?t?

1 0By
// <tB0+Ca’P0 VXE())CZSQ 21',‘ //< B0+C

(zo—2)%+(yo—y)?
+(20—2)%=c?t?

ro=ct

-V x Eo) dS()

ro=ct
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The Particular Solutions

On the other hand, the particular solutions satisfy the inhomogeneous wave equations with zero initial conditions.

O’E, 29 c? 10J
— E _Sv,_ -9

ot? VB, eovP €o Ot

E,(xz,y,2,0) =0

OE

aitp(x?y7zao) =0

, —oo<z,y,z<o0,t>0

9B,

ot?
Bp(.’IJ, Y, =, O) =0
OB,

W(m,y,z,@) =0

ZCQVQBP+CQMOV><J, —o00 < x,Y,2 <00, t>0

By Duhamel’s principle, the solutions to these inhomogeneous wave equations are

t t
E)(z,y,2,t) = / En(z,y,2,t —s;s)ds and By(z,y,2,t) = / By(z,y,2,t — s;)ds,
0 0

where Ey,(z,y, z,t; s) and By(x,y, 2,t; s) are solutions to the associated homogeneous equations with specific initial conditions.

O’E 9’B
ach =c*V?E,, —oco<uz,y,z<00,t>0 8t2h =c*V?B;, —oco<z,y,z<o0,t>0
Eh('ray7zao;8) =0 Bh('ray?ZaO;S) =0
OE}, c? 19J OB},
W(%Z/,Z?O;S) = _g(vp)(%yazﬁ) - %a(mayvzas) W(I}:%Z,O;S) = CQUO(V X J)(l’,y,Z,S)

The solutions for E; and By, are given by Kirchhoff and Poisson’s formula.

Eh('xv Y, Z7t7 S)

Bh(xa Y, Z)t; S)

- 1
 Awe?t

1

 Awc?t

c? 10J
// [—(VOP)(fEanOa 20, S) - 77(15‘07 Yo, 20, S) dSO
€0 €9 Ot

(wo—z)%+(yo—y)?
+(z0—2)2=c?t?

// (10 (Vo x I)(x0, Yo, 20, 5)] dSo

(zo—2)?+(yo—y)?
+(z0—2)2=c?t?
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Bring the constants in front.

1 0J
Ey(z,y,2,t;8) = " dreoc?t // [61& (20, Y0, 20, ) + ¢*(Vop) (20, Yo, 20, 5) | dSo

(zo—2)2+(yo—y)?
+(20—2)%=c?t?

Bh(x7y727t§ S) = % // (VO X J)($07y0,3075) dSO

(zo—2)*+(yo—y)?
+(z0—2)2=c*t?

Now E, and B, can be determined. Do the calculation for E,, first.

t
Ep(v,y, 2,t) =/ En(z,y,2,t — s;5)ds
0

! 1 oJ
:/0 {—4%002@_8) // [at (20, Yo, 20, )+CQ(V00)(~T0,Z/0,ZO,S)} dso}ds

(wo—z)%+(yo—y)?
+(20—2)%=c?(t—s)?

L 1 [03
= — / [/ [Z% (mOJ/O,ZO, )+02(VOP)(x07yOaZO;S)] dSO ds
0

Amepc?

(zo—=)?+(yo—y)?
+(z0—2)2=c?(t—s)?

Write the surface integral explicitly by using spherical coordinates (rg, ¢g, 0o).

xo —x = c(t — s) sin Oy cos ¢g
Yo —y = c(t — s) sin by sin ¢y
20—z = ¢t — s) cos by

The solution becomes

2w
E t)
2,2 47T€002/ / /

2w
= 47T€002 /0 /O /0 [&S(C(t —5), 00,00, 5) + 2 (Vop)(c(t — ), ¢o, bo, s)] c(t — s)sin by dpo dfy (—cds).

— { (et — 5). 0. 60, 5) + ¢(Vop) (e(t s>,<z>o,eo,s>] 2 (t — 5)? sin o doo dBo ds

Make the following substitution.

ro=c(t—s) — s=t— 0
c
dro = —cds
As a result,
o o .
Ey(z,y,2,1) / / / [ T0, $0, 0o, t — *) +c*(Vop) (7‘07@50790,75— )} 7o sin 6 doo dbo dro
471'6()6 ot c

o 1aJ ,
// / [ 29 To,tﬁo,@o,t TCO> (V0P)<To,¢o,9o,t—?)}Tosln%drod%d@o-

471'60
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Consider the gradient in zgyozo-space of p(rg, ¢o, bo,t — 10/C).

L0 bo 0 6y 0
VOP <7’0,¢0,00, TCO> = <I'0 + Q{)O — +— 0 ) P <7’0,¢0,90,t - LCO

87“0 To S 90 8¢0 To 89

)
— 5 [‘90 (rov 0,60, = 2) + 22 (o, 0, 60,1~ ) 2= (1 - ro)}

org ot c
¢?0 8P 70
7o sin 6y g (TO’ %0, 00,1 = c )
90 ap 0
+ o 890 <T0>¢07607t - c )
s |9 ro\ 10dp ro
-t |:87’0 <T0’ ¢0’ Ho,t C ) C 8t (7“0, ¢0’90’t C >:|
é(] 80 70
1o sin 6y g (TO’ %0, 00,1 = c >
6o O
T,O 89p <T07¢07007t - ?)
. Op To &0 30 T
=Tro— Op, t — — 0 2
r087“0 (T‘O,Qb(), 05 c > + To SIHQO 6(}5 (To,qbo, 0’ - )
éO ap TO rO ap T'O
* 9 00 (7"0,d>o,90,t c> c Ot <r0,¢0,00,t c)

- ) it~ 2) - 22 o - 2)

That means

(Vop) (To,qﬁo,@o,t — %) = Vop (7"0,%,90,75 o ) + 1“02? (ro,¢o,6?o,t — %) .
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Noting the following unit vector derivatives,

iro =0 and 9 qbg = —Tgsinfy — 00 cosfy and 4
o

8r0
substitute this formula for (Vop) into the one for E,,.

“wa LT
47T60/ /2/[ )- 122(7"0’%’90”5

2 In
oo O
47‘(’60/ / / [roa 0 ro, %o, b0, ¢ ) ro sin f 8¢0p
2
Fo ap 70 10J
47T€0/ / / [ T0’¢0’90’ c> 2ot
2
~ 1 / / / f'07‘07P <T0,¢0,907t—7;0> sin 6o dro dgo dfy
meo Jo Jo 0 Orop c
1 ™ 27 ct R a o
— —_— 0o, t — — ) drg dog db
47?60/0 /0 /0 ¢oa¢op(7“07¢07 0, C) o dgo dby
1 ™ 2T ct R a o
— 0y sin g — 0o, t — — ) drg dog db
4“0/ / /0 0 sin 089011(7”0,(1?0, 05 c) o do dfo
21
ro 8p 70
9 "oy _
471'60/ / / |: T07¢07 0,1t C)
27 ct
1 / / [/ 1‘07"0 <T0,¢0,90,t—@) dro} sin 0y dgo dbo
TEN C

ct 2 ) "o
- 471'60 /0 /O |: 0 ¢0%p (T07¢0390,t — ?) d¢0:| dro d00

1 2 ct ™ a
— 0y sin g — 0o, t
47760/0 /0 [/0 0 sin 0890P<7“07¢0, 05

1 8.]
2ot

E (.’E Y, z, t TO,QZSD,OO,

to 0
= p r07¢07907t_?0

<7”0, ¢07 907 t

103
c? Ot

— @> deo] dro ddyo
&
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r T .
t— *0> —(Vop) (7‘07%790,75 - 0)] 7o sin g dro deo dbo
Is &

— T>:| To sin 90 d?“o d(b() d90

C To

6
_ ";0) + Oai p <T07 ¢07007t — )] 70 Sin@o dT() d¢0 d90
0 C

(7"07 qbo, 90, t— >:| To sin 90 d?"o dqbo d90
C

(7"0, (150, 90, t— TCO>:| To sin 90 d?"o d(f)() d90
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Evaluate the integrals in square brackets by parts.

2m rg 0 T 10J 7 .
Ey(2,y,2,t) 47r60/ / / { Coaf r0, ¢0,60,t g) - *QE (7“07¢>0790,t— 2)] 7o sin 6y dro déo dfo

27
47’('60/ / [I‘OTOP 7“07<Z50,907t—*>
70
- ——(¢ho)p <7“07 ¢0,00,t — *) débo] dro dfy

To
47T60/ / |:¢0p r07¢07007t_?> 0 0 8¢0

2
_ 4 / / |:0081n00p<T07¢07007
Teo Jo 0

2 T 8 T 1 8.] T :
/ / / [ =2 p ro,cbo,eo’ f) 2ot (ro’%’eo’t—co)] rosin o dro ddo b

ct o ) r .
- / 8r0*<r07’0)P (7“0’ Po, 60,1 — g) dro} sin 6y dog dby
0

2m 2w b

/ 90, (8o sin ) p (T07¢079o,t—*> dHO}dTOdfﬁo

47reo c2 ot

2
/ / |:f'0 ct p(Ct, ¢0, 90, 0) - 0:| sin 90 d¢0 dtgo
47T€0 0 0

1 T 2 ct o
+ / / / f“op(roa%,@o,t**) drg sin 0y doo dbg
47T€0 0 0 0 C

1 Toretr r - T
1 / / [%M ¢OM} dro dfl
Te€o Jo Jo

ct 27 R ) r
/ (—& sin Oy — Bgeosly)p <T0,¢0,907t— €0> dgo dro dby
0o Jo

0
1 2m ctr r i R r i
— OOW—OOW dTodgf)()
dmeo Jo  Jo c c

2T ct T
/ / / (~o sin b + Beosa)p (o, do, o, — 2 ) dfl dro
0 0 0

4meg

dmeg
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Finally, use the fact that V - E,(z,y, 2,0) = p(z,y, 2,0) /9 = 0.

21
Ty ap 0
0
47T€0/ / / |: T0a¢07 07 C)
47T€0/ foc

1 T 27 ct
- / / / fop (7‘0, ®0,00,t — LO) drq sin 6y doo dby
4meg c

10J
2 ot

E)(z,y,z,t) =

S 00, Y0, 0) sin 90 dgf)o d(go

2 ~
ro\ _ o 9p ro 1 93
L ) R e (O
471'60/ / / |: (2) 7"07(1)07 0,1t C) cro Ot <T07¢07 0, C) 627"0 n (’I”(),gbo, 0,

(7”0, qbo, 90, t— >:| To sin 90 d?"o dqbo d90
C

— Tf)] 7“8 sin 90 d?“o dd)o d@o

2w
ap To 1 (")J 0 .
8 ’ ’97t_7)_707< ’ ,O,t—f)_77< , ,G,t——) 5 sin 6y dro deo do
4%60// / [ 8 7’0<Z500 c 3(‘) r0, %0, 0o - Cgmtro%o B 7 sin 6y dro dgg dby
o rO ap )
- St ro,qéo,eo,t——)dvo
47760 o erg 0 c
(zo—2)*+(yo—y)*
+(zo—2)2<c?t?
To 8,0 1 0J ( r0>
= =+ 5= b0t — —2)d
47760 /// < CT(Q) ot 62’[’0 ot T07¢07 0 c ‘/0
ro<ct
In Cartesian coordinates (dVy = dxo dyg dzp) this is written as
— X _ G _ A — 3 — 5 — 5
Ey(z,y,2,t) = (z IO)X;F (y 3/0)3’2+(Z ZO)Z23p 0. U0 20, — V(o — 2)2 + (yo — 9)% + (20 — 2)
€0 V(o — )2 + (yo — )% + (20 — 2)?] c

(zo—2)*+(yo—y)?
+(z0—2)2<c?t?

¢ (o — )2+ (Yo — y)2 + (20 — 2)2 Ot

Cc

1(z —20)X+ (y —y0)¥y + (2 — 20)2 9p (370 Yo, z0.t — \/(960—3?)2+(3/0—y)2+(20—2)2>

1 1 3 _— i )
aﬁ <x07y07207t_ \/(l‘o ZL’) +(y0 y) +(ZO Z)

02\/330—96

(Yo —y)? + (20 — 2)2 Ot

C

o
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Turning our attention back to the magnetic field, plug the formula for By into the one for B,,.

t
B,(z,y,2,t) =/ B (z,y,2,t — s;5)ds
0

_ /Ot{mifos) // (Vo x 3) (@0, 90, 20, 5) dSU} ds

(zo—2)*+(yo—y)?
+(z0—2)2=c?(t—s)?

t
1
- ZLO // —— [(Vo x J)(z0, Y0, 20, 5)] dSo ds
n t—s

(zo—x)%+(yo—y)?
+(20—2)%=c?(t—s)?

Write the surface integral over the sphere centered at (x,y, z) with radius ¢(t — s) explicitly by
using spherical coordinates (rg, ¢g, 6p).

xg —x = c(t — s) sin O cos ¢g
Yo —y = c(t — s) sin by sin ¢y
20—z = c(t — s) cos by

The solution becomes
2
B,(z,y,2,t) / / / P (Vo x J)(c(t — s), do, 0, 5)] *(t — 5)*sin by dpo dby ds

27
= _47r/0 /0 /0 [(Vo x J)(e(t — s), do, 0o, 5)] c(t — s) sin by dpg dfy (—cds).

Make the following substitution.

ro=c(t—s) — s= —%0
dro = —cds
As a result,
27r
B, (2,1, 2, 1) / / / (Vo x J) r0,¢0,90, )} ro sin g deo dfo dr

2
/ / / (VO S J) <T0,¢0,90,t - 7>i| To SinHO dTO d¢[) d00
m™Jo Jo Jo c

Consider the curl in xgypzo-space of J(rg, ¢o, 6o, t — 10/C).

) 5 o 6y 0 1 B, 1 aJ
<f0+ d.bo +O>><J<7“0,¢0,<90, TO):[ - (Jpsinbp) — — e]f‘o

Org rosinfy 0py 19 06y c 7o sin 6y 06y 70 sin 6y 0o
0 1 0J,
+ [Toaro(TOJe) 800} ¢0

Lo 10
To sin 90 8¢0 To 6’/“0

(Tquﬁ)} 6o
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The angular derivatives are unaffected, but the radial derivative changes.

(Aa do 0

ro—
87“0
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éo 0 o\ 1 0 .
- Sin@O% + ) x J (T0,¢0,90,t — 7) = |: 7(J¢ 511190) —

E 600 C To sin 00 800

1 oJ
+{ [Jg—l—ro |:9+
Tro 87’0

L[ ok
o sin 90 0@50

1 0 )
N L’O sin g 8700((](? sin o) -

o sin 6y %

oJy 9 [ 1o 107,
at g (¢~ c)” - r0690}¢0

ro sin g %

A

1 8J9:| N
0

1 8J¢ 8J¢ 0 To ~
ol e e ()] o

1 &Ig]

A

Io

1 0Jy 10Jy 10J,.] »
+{7“0 |:J9—{—T‘0 <87“0 B C 8t ):| B T0000}¢0

L ok
To sin 90 8(;50

1 0
= —_— 3] 9 J—
|:7"0 sin 90 890 (J¢ St 0)

1 0Jy 190J.] -
+{’)"0 <J9+T03T0> —m890}¢0—

N 1 aJ, B
ro sin 6y O¢g

= (Vo x J) (7“07@50790,75 - %0)

= (Vo x J) (7“0,%,90,75— %0) +

= (Vo x J) (To,qﬁo,@o,t - %)

1 8Jy  10J5\]) 4
et (G ) o

1 9Jy].
ek
et
4 % {a((;]f (ro, ¢0,00,t — %0) 0o — 8519 (T07¢07907t - %0) 950]
1 [_68{: (fo x o) + 85? (7“0, ¢0, 00,1 — %0) (—F0 x ¢ho)
_%th (TO,%,QO,t = %0) (fo x 90)}
— %f‘o X %: (7"0, b0, o, t — %O)
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That means

ro\ | 0 J)O 0 90 0 7o
(Vo x J) (To,ébo,@o,t— C) = <Foar0 + rosindo 9y +— o 8«90> xJ (7“0,@50,90715— C)

1
+ 7f.0 X 0 <T0,¢0,00,t - TO) .
c ot c

Substitute this formula for (Vo x J) into the one for B,,.

21
B (SL‘ Y, z, t / / / VQ X J) (’l“(), qf)(), 00,t — 7>:| T0 Sln90 d?“o dgbo d@o
™ 2 ct
= ,LL()/ / / [1f'0 X 87.] (To,gf)o,eo,t— TO)] 70 Sin90 dT’o d¢0 d(g()
™ 0 0 0 C at C
2
bo 7o .
/ / / [(I‘O 87‘0 o sin 00 a¢0 o 890 x J (7’0, ¢0, 90, t - ) 70 SIn 90 dTo d¢0 d@o
Lo ™ 21 ct 1 8J o
= / / / |:f'0 X — <r0,¢0,00,t— >:| T0 Sin90 d’l”o dgf)o d@o
7 c ot c
2w
0 1 0
/ / / { [ro sin 6y 00g a6, o sin ) - ro sin 6y 8¢>0J9]

10 1 0
+ o [Toaro(roJo) - Toaeoefr]

- 1 0 1 0
0|l—————J — — in 0y dry dog db
+ 6o |:’I“0 <in 00 8¢0J ro 87"0 (TOJ¢):| } 7o SINn G arg qbo 0

2m oJ r )
47T / / / [I‘O X — ot <T0,¢0,00,t— CO)] 0 SIIIQ(] d’l”o dqbo d@o
T 2 ct
Ho . |0 . 0
=~ R 0 .
+ 7_‘_/0 /0 /0 {I‘o |:6(90 (J¢Sln 0) 8¢0J0:|

~ . 0 i 0
+ oo [sm Hoa—ro(rng) — sin HOE%JT]

+ 6y [820 — sin 880 (r0J¢)] } dro deo dby
- MO{/W/%/“ [ fo aJ (TO b0, bo t-)] 7o sin 0y dro deég dby
dr (Jo Jo Jo ot U970 T0 c
o T o9 ctr o g
+/o /0 [/o 05 /¢ Smeo)d@()] dro deo — / / [ / Fo oo d¢0} dro dfo

ct 2m ct s
/ gZ.’A)()i (T()Jg) d?"() sin 90 d¢0 d@o - / / / (;’)0 sin 90 0 J d90 d?"() d¢0
0 87"0 0 0 39

ct 2 ~ 0 ™ 2T ct o
/ [ 007JT d¢0] d?“o d90 — / / [/ 007(7’0J¢) ClT'():| sin 90 d¢0 d@o}
0 0 9o 0 Jo 0 dro
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Evaluate the integrals in square brackets by parts.

27
B,(z,y, 2,t) {/ / / [ro X — ro,qﬁo,ﬁg, 7“0)] ro sin 0y dro dog dfg

/QW /ct M / (Jo sin o) > rodeo} dro ddo
/0/0 [/V‘%_/O JG(%Orod%}dronO

+ /O 02n[ (roJs)| — /Ct(mJe)qﬁodro} sin By doy dfo
[ o
+/ /0 /4% / ) 90 dsbo} dro dfy

2m
/ / é TOJ¢ - / (T0J¢)8790 dro] sin 00 d¢0 d@o}
0 0 0

27
_ {// [rox 7“0,(;50,90, T)]rosinOOdrodqﬁonO
0o Jo 0 c
/ |: / J¢ sin 90)90 d90:| d7’0 d(f)()
0

[ / Jg ¢0 sin 90) Cl(b():| d?“() d@o

27 ct
[d’o ct Jy(ct, ¢o, 09, 0) — W} sin Oy deo db

[en]

+ +
o\o\o\w
c\c\ j

2m
/ / [90 ct J¢ Ct ¢0, 90, ) W} sin 90 d¢0 de()}

But the components of J are all zero at t = 0.

OE,
ot

That is, Jy(ct, ¢o,00,0) = 0 and Jy(ct, ¢po, 6o, 0) = 0.

27 1
B (l‘ Y, 2, t / / / [C T0,¢0,00,t— C):| ToSiH@odT0d¢0d90
10 o . L0 T 27 ct
— / / / 6 Jg sin 0o dro dgo dby + — / / / & Jy sin Oy drqy dog dbg
T™Jo Jo 0 am Jo Jo 0
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Write the last two integrals in terms of the cross product of position and J.

2
B,(z,y,z,t) / / / [ro X ?% <7‘0,¢0,00,t— )] ro sin Oy dro dog dby

1o 2n A 0 - To\1 .
Ko / / / (607, (ro,¢o,90,t "0 4 o Ji (o, 60,00, — ") | sin 1 dr g
T C C

SN
e
rr
v

1,
|: ’I“(), ¢0, eo,t — ):| To sin 90 d’l“o dgf)o d@o
C C

N A T .
+ (£0 x 00)Jo (7o, @0, 00, — =) | sin by dro do

27r
~ N To R ~ 70
/0 /0 (Fo x T0)Jr <T07¢0790,75 - ;) + (fo X ¢0)Jy <T0,¢0,907t - ;)

1 J
[f. 87 T0’¢0’00,t— TO)] ro sin 6y drg dog dby
0o |c ot c

/

2
/ / I‘(] J T’ ,¢0,90,t — 7"0) Sine() d?“() d¢0 d90
0 0

Cc

1
+,
C

(’I"o, d)o, 90, t— >:| To sin 90 d?"o dqbo d90
C

/ /27r/ —ro x J (r 0,00, — %)
M;;/Oﬂ /027r /OC -— X J <7’ ®0,00,t — ?0> + I‘o X == (7"07¢0790,t - c)} ro sin 0o dro dgo dbo
ok

<

2
LT0

T 2 ct ‘1
M[]?_/ / / 3I'0XJ(’I"0,¢0,90,15—
0 0 0o L7o
Mo 1 1 oJ ro
= i /// <8F0XJ+ Oroxat (7”07%,90,15 C)dVb

(wo—2)*+(yo— y
+(z0—2)%<Lc?t?

1 0J To
[ (o o ) ()

ro<ct

1 T .
72 <7’0, ¢0, 00, 0 ):| T‘g Sin 9[) d’l"o dd)o d90
Cry C

In Cartesian coordinates (dVy = dxg dyg dzp) this is written as

_ Mo (l‘o — x))'i + (yO - y)y + (ZO - Z)Z
B,(z,y,2,t) = I /// {\/[(330 — )2+ (Yo — y)2 + (20 — 2)2]3

(zo—2)*+(yo—y)?
+(z0—2)2<c?t?

C

x J (xo,yo, 20, — Vo —2)? + (o — y)? + (20 Z)2>
1(zo — )X+ (yo —y)¥ + (20 — 2)2
¢ (o — )%+ (yo — y)* + (20 — 2)?

_ 2 _ 2 _ 2
03 (l’o,yo,zo,t—\/(xo 7+ o — 92 + (20 Z)>}dvo.
C

ot
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In conclusion, provided that p and J obey the continuity equation, the electric and magnetic fields in a vacuum with no boundaries are

1 Iro I'() ap 1 0J To
Eo+ 20 4 2V x B - ro % _ T
47702t // ( ote + VX O) 450 4meg /// <r8 Pt crd ot * cZrg Ot <T0’¢0’90’t c ) Vo
ro=ct ro<ct
0B 1 oJ r
47r02t //( BO+CO_vXEO>dSO+ ///< ro x J + 0r0x8t>(ro,¢o,90,t—£)d%
ro<ct

since E = E. + E, and B = B. + B,,. The volume integrals are over a solid ball in zgygzo-space centered at (z,y, z) with radius ct, and
the surface integrals are over this ball’s surface. They can be evaluated if the inhomogeneous terms are simple enough; see Strauss 9.2.6
and Strauss 9.2.7 and Strauss 9.3.7 for examples. Observe that E and B can be nonzero even in the absence of charges and currents
(p=0and J = 0). If instead the initial fields are zero, Eg = 0 and By = 0, then these formulas reduce to

1 ro ro 8p 1 0J To
B T ) WA
47eg /// <r8p+cr(2) 8t+02r0 ot 70, 90, % c Vo

ro<ct

Ho 1 Ao _To
7_‘_\/// (TgrOXJ+CTgrOX ot (T07¢07007t C>d‘/07

ro<ct

which are the fabled Jefimenko equations. Under electrostatic and magnetostatic conditions, the time derivatives and time dependences
vanish (¢ — 00), resulting in Coulomb’s law and the Biot-Savart law.

1 fo (z — o X+(y v0)¥ + (2 — 20)2
B 3 PdV dxo dyo d
471'60 /[/ 7”(?)’ P 0= 47’['60 / / / \/ xo — ZC yO — )2 + (Z() — 2)2}3 p(l'O?yOy ZO) To aYo azo

all space

Biot-Savart Law: B = Ho /// —3r0 x JdVp
4 ro

all space
_ o 20 — 2)Jy — (Yo — y) JJX + [(wo — @) J. — (20 — 2) J]§ + [(yo — y)Jo — (w0 — 2)J,|2
dm / / / Vi@o —2)2 + (yo — y)2 + (20 — 2)2]?

Coulomb’s Law: E =

dwo dyg dZQ
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Appendix A - Kirchhoff and Poisson’s Formula

Here the aim is to solve the homogeneous three-dimensional wave equation with two prescribed
initial conditions.

uy = 2V, —oo<x,y,z <00, t>0
u(z,y,z,0) = az,y,z)
Ut(fE, Y, z, 0) = B(xa Y, Z)
Start by looking at the one-dimensional wave equation.
Upp — cQum =0

Comparing this with the general form of a linear second-order PDE,

Ay + Bugy + Cugy + Dug + Euy + Fu =G, weseethat A=1,B=0,C=—c*, D=0, E=0,
F =0, and G = 0. The discriminant, B? — 4AC = 4¢?, is greater than 0, which means the PDE is
hyperbolic. That means two real and distinct families of characteristic curves exist in the xt-plane.

dv _ i (B +B2 - 4AC)

dt

dx 1

= 2
- 2(i 0+4c)
d—x—c or d—x—fc
dt dt

Integrate both sides of each ODE to get z.
r=ct+€ or x=-—ct+n

¢ and 7 are the characteristic coordinates (basically the names of the members in the respective
families). Suppose we want to evaluate u at (zg,tp) and that & and 7y are the coordinates for the
lines going through this point.

x—xg =c(t—1y)
(x0, 7o)
x—xg = —c(t—1p)
- X
X —clp xq +cfp

The equations for the lines going through this point are given by the point-slope formula.

x —x9 = xc(t —to)
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This can be generalized to three dimensions by rotating the line with slope +c about the vertical
axis going through (xg, to).

|x — xq| = c|t — to.
This is now a characteristic surface (known as a light cone because it has slope ¢) in space-time

that goes through the point (zg, yo, 20, t0). Consider the backward light cone of the point
(0,0,0,tp).

Figure 1: The black hyperdisk shown lies in the xyz-plane, has center (0,0,0) and radius r, and
represents a solid ball in zyz-space. Note that the shaded hyperdisk it lies within has radius cty,
where t( is a particular time we want to evaluate u at.

Integrate both sides of the three-dimensional wave equation over this black hyperdisk.

/4/ uy dV = /Z/ AV2udV
/{/utth—CQ/z V- VudV

Apply the divergence theorem to the volume integral on the right side to turn it into a surface
integral over the solid ball’s boundary.

///utth:CQ#Vu-ﬁdS
1% S

The unit vector normal to the boundary is the radial unit vector: i = . Vu -t can be interpreted
as the directional derivative in the radial direction, that is, Ou/0r.

// wdv— #ds

Write out the volume and surface integrals explicitly by using spherical coordinates (r, ¢, 6). Here
f denotes the angle from the polar axis.

27 pr 27r
/ / ("% sin O dr’ d¢ df) = ¢ / / (2 sin 0 d¢ d)
0
2m 82 27r
/ ’2/ / — sinf d¢ df dr’ —027‘2/ / s1n¢9d¢d9
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Bring the derivatives out in front.

8 2m o ™ 2
/2 27 .
/0 e [/ / ', ¢,0,1) smé’dczﬁdﬁ} ’r B [/0 /0 u(r, ¢, 0,t)sin 0 do do
T 2m
v(r,t) :/ / u(r, ¢,0,t)sind do do
0 0

so that the previous equation becomes

Let

Differentiate both sides with respect to r to eliminate the integral on the left side.

0% ov 0%
r2 _ i 27 7
oz (2 or tr 8r2>

Divide both sides by 7.

Y PULN
T8t2_c or o2

Now make the change of variables w(r,t) = rv(r,t). Write the new derivatives in terms of the old
ones by differentiating this substitution.

Pw 0%
oz~ o

ow v
E—v—i—r%
Pu o, o

The transformed PDE is the one-dimensional wave equation on a semi-infinite interval
0w 2 0w
o " or

subject to the Dirichlet boundary condition w(0,t) = 0 and the following initial conditions.

T 2w T 2w
w(r, 0) :7‘/ / u(r,gb,@,O)sin@dqbd@:r/ / a(r,¢,0)sinf deo db

aw
(9t

O<r<oo, t>0

2 2
// utrgzﬁ,é())stdd)d@—r/ B(r,¢,0)sinbd deo do
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The method of reflection can be applied to solve the one-dimensional wave equation. Consider the
corresponding problem over the whole line,

th:czww, —co<r<oo,t>0
W(T, 0) = Aodd('l”), Wt(?", O) = Bodd('l”),

where the odd extensions of the initial conditions for w, Ayqq(r) and Byqq(r), are used in order to
satisfy the Dirichlet boundary condition.

(r/ﬂ/%a(r,qﬁﬁ)sin@dqﬁde ifr>0
Aoaa(r) = O o
x_(_r)/o/o a(—r,¢,0)sinfdpdd ifr <0
2
T// B(r, $,0) sin 0 dep df if 7> 0
Boaa(r) = 00 T p2r
\_(_r)/O/O B(=r,,0)sin0dpdd ifr <0

The solution for W is given by d’Alembert’s formula (see Appendix B).

r+ct

1
W(r,t) = i[Aodd(r + ct) + Aoaa(r — ct)] + % / t Boaa(s) ds

The solution for w is then just the restriction of W to r > 0.

1 1 r—+ct
w(r,t) = §[Aodd(7“ + ct) + Agaa(r — ct)] + 26/ t Boga(s)ds, >0
T—Ci

Our task now is to write this formula in terms of the given functions, o and 5. Note that

T 27
(r+ct)/ / a(r + ct,¢,0)sin 6 do do ifr4+ct>0
Aodd(r + Ct) = 0 0 o
—(—r — ct) / a(—r —ct,¢,0)sinfdpdd ifr+ct <0
0o Jo

and

T 27
(r—ct)/ / a(r —ct,¢,0)sinf d¢o do ifr—ct>0
0 0
27

Aodd(r—ct) =
—(—7‘+ct)/ / a(—r+ct,¢,0)sinfdpdd ifr—ct <0
0o Jo

9

so for every region in the rt-quarter-plane, we have to test whether » — ct and r + ct are greater
than or less than zero.
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0.0

0.0 ;

Figure 2: This figure illustrates the regions in the rt-quarter-plane that come about from using the
odd extensions of A and B. The solution for w has to be determined in each one. The characteristic
curve r — ct = ( is the line that separates the regions.

The Magenta Region

In the magenta region r 4 ¢t > 0 and r — ¢t < 0, so the solution for w is

r+ct

1
pMota(r + ) + Aaa(r = )] + 5 [ Buaals)ds
r—ct

T 21 - o
- % [(7“+ct)/0 /0 a(r+ct,¢,9)sin0d¢d9—(—7"+ct)/0 /0 a(—r+ct,¢,9)sin9d¢d0]

+2ic [/:Ct—(—s)/OW/O%B(—S,Qﬁ,G)sinQdd)dﬁds—|—/OHCts/OW/O%B(s,qD,G)sin9d¢d«9ds].

Substitute p = —s in the third integral and substitute p = s in the fourth integral.

w(r,t) =

4 2 T 2w
= % [/ / (r+ ct)a(r + ct, ¢,0) sin 6 do db —/ / (—r+ct)a(—r + ct, ¢, 0) sinﬁdgbde}
0 /0 0o Jo
1 0 e r+ct T 2T
5 0)sin 6 de d d 0)sin 6 deo df d
- [/—r—i—ctp/o . B(p, ¢, 0)sinb do p+/0 p/o ; B(p, ¢,0)sin d¢ p]

s 2
= % /0 / [(r + ct)a(r + ct, 6,0) — (—r + ct)a(—r + ct, $,6)] sin6 dp df

r+ct

2
/ B(p, ¢,0)sinb de db dp

20 —r+ct

The expression in square brackets can be written as the derivative of an integral by the Leibnitz

rule.
2m et r+ct 27
/ / [ at/ pa(p, P, )dp] 81n9d¢d0+— / B(p, ¢,0)sinb do db dp
c

—r—+ct —r—+ct

r4ct 2w r+-ct 27r
[ / / / a(p, ¢,0)sin 0 do db dp] / / / B(p, ¢,0)sinb de db dp
at 2¢ r4ct 0 0 r4ct 0 0
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The Blue Region

In the blue region r + ¢t > 0 and r — ¢t > 0, so the solution for w is

r—ct
w(r,t) = =[Aoaa(r + ct) + Aoaa(r — ct)] + — / Boad(s) ds

C —ct

N = N

[(r—|—ct)/F/%a(r—}—ct,¢,9)sin9d¢d9+(r—ct)/ow/ohoz(r—ct,qb,@)sin@dgﬁdG]

r+-ct 2w
/ B(s,d,0)sinfdeodb ds
r—ct
1 2m 2m
=5 [/ / (r+ ct)a(r + ct, ¢,0) sin 0 deo db + / / (r—ct)a(r —ct,¢,0) sin@dqbd@]
0
r+ct

2w
— / B(s,¢,0)sinfdodf ds

—ct

/ /27r "+ ct)al(r + ct, b, 0) + (T—Ct)a(T_Ct; o, 9)] sin 6 d¢ df

r+ct

2m
/ B(s,d,0)sinbdeodl ds.

r—ct

The expression in square brackets can be written as the derivative of an integral by the Leibnitz
rule. Also, let p = s in the second integral.

2m rct r+ct 2
/ / [ 875/ pa(p, ¢, )dp] sin 0 d¢ df + 2— / B(p, ¢,0)sinbdo do dp
c '

—ct r—ct

r+ct 2T rct 27r
~ ot [2C/r /0 /0 a(p, ¢,0) sm@dqbd@dp] +2c/r—ct p/o /0 B(p, ¢,0)sinbdo df dp
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Consequently,

) 1 r+ct T 2w r+ct 2w
[/ p/ / a(p, ¢,0) sm&dodedp} + — / B(p,¢,0)sinfdpdddp ifr—ct <0
b | 2¢ —r4ct 0 0 —r+ct 0 JO

Since v = w/r, we have

™ 21
/ / u(r, ¢,0,t)sinf do df = w(ﬁt)'
0 0 ,

In order to calculate the value of u at the origin, take the limit of both sides as » — 0.

( t)

2
lim/ / u(r, ¢,0,t) sm@dqﬁdﬂzl

r—0

The value of u at r =0 is u(z = 0,y = 0,z = 0,t). It does not depend on ¢ and 6, so it can be pulled in front of the integral.

OOOt//%smquSdG—h w(r,t) —w(0,%)

r—0 r—0

Evaluate the integral on the left side. The limit on the right side is how the first derivative of w with respect to r at r = 0 is defined.
The formula for w in the magenta region applies for this value of r. Use the Leibnitz rule to differentiate the integrals with respect to r.

ow
or .

0
r+ct 2 r+ct ™ 2
{ [ / // alp, 6,0 SIH@d(ﬁd@dp}—F/ // B(p,¢,0)sin9d¢d9dp}
2 Or et et

2 2
:{21;[7“—{-025 / / ar +ct,¢,0)sin@dpdf — (—r + ct)( / / r+ctgb9)sm0dqbd0]
c

T 27
216[(7"+ct)/ QB(r+ct,¢,9)sin9d¢d9 (—=r +ct)(— // B(=r + ct, ¢, )smedqbde]}

21 27
2?& |:Ct/ / a(ct, p, )smquﬁdG—l—ct/ / a(ct, ¢, 9)51n9dq5d9}

2 2
—{—— {ct/ / Blct, ¢, )sm@dqﬁdﬂ—l—ct/ Bct, @, )Sln9d¢d9:|

47u(0,0,0,t) =

+

9

ot

o 1 r+ct T 27 r+ct T 27 '
[/ p/ / a(p,qﬁ,@)sinGd(j)dep} +/ p/ B(p, ¢,0)sinfdpdddp ifr—ct >0
ot r o Jo 2¢ Jo—et ~Jo Jo

r=0

r=0
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As a result,
o ™ 2 s 2
47u(0,0,0,t) = pn [t/ / alct, ¢,0) sin9d¢d9] —|—t/ / B(ct, d,0)sinb do db
0o Jo o Jo

o1 [™ [ 2,9 . ] 1 (" [ 2,2
_8t[02t/0/0 alct, ¢, 0)(c*t Sln0d¢d9)_+02t/0/0 Bct, ¢,0)(c*t” sin @ de db).

Divide both sides by 4.

T 2T 1 T 2T
u(0,0,0,t):aat[l /0 /0 alct, ¢,0)(c*t? sin 0 do db) +ﬁ /0 /O Blct, b, 0)(c*t* sin 0 de do)

At

At a particular time t = ¢y these double integrals are surface integrals over a sphere of radius ctg
centered at (0,0,0).

0 1 1
U(O, O)O’tO) = (970 |:47T62t0 // a(a:,y,z) dS:| + m // B(xayaz) as

x24y2+22=c2t2 z24y2+22=c?t2

This is the solution of the wave equation at the origin of the zyz-plane. Now we aim to find the
solution at a particular point in space-time (g, 3o, 20, to)-

t
A (x0, Yo, 20, fo)

= >

The wave equation is invariant to translations in space, so if u(z,y, z,t) is a solution to the wave
equation

uy = AV, —oo < x,y,z <00, t>0
u(z,y,2,0) = afz,y,z)
Ut($,y,2,0) = 5(557%2)’

then u(z + xo,y + yo, 2 + 20, t) is also a solution to the wave equation, albeit with different initial
conditions.

ug = AV?u, —oo < x,y,z< o0, t>0
u(x + o,y + Yo, 2 + 20,0) = a(z + x0,y + Yo, 2 + 20)
ut(x+$07y+y07z+2070) :5(33"‘950;9"‘3/0724‘30)
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Since the solution to the wave equation is unique, u(zo, yo, 20, o) has the same form as (0,0, 0, tp).

0

u(xo, Yo, 20, to) = 6150[

1
4Amcty

1
// a($+x07y+y072+20)d5:|+ // B($+$O,y+y0aZ+ZO)d5’

Admc?ty
x24y2+22=c2t2 z24y2+22=c2t2

Let k=24 20, l =y+yo, and m =z + 29. Then x =k —xg, y =1 — yo, and z = m — 2.

u(zo, Yo, 20, to) = (fto[ ! // a(k,l,m) dS} + 1 // B(k,l,m)dS

47TC2t0 47T02t0
(k—20)*+(l~y0)* (k—20)?+(1—yo)?
+(m—z0)%=c?t2 +(m—20)%=c?t2

k, l, and m are dummy integration variables, so they can be replaced with z, y, and z.

0 1 1
w(xo, Yo, 20, to) = oo [47T62t0 // a(z,y, z) dS} + Incty // B(z,y,z)dS

(z=20)*+(y—y0)? (z=20)*+(y—yo0)*
+(2—20)?=c*t3 +(2—20)2=ct2

Finally, switch the roles of z, y, z, and ¢ with those of g, y9, 29, and tg, respectively, to obtain Kirchhoff and Poisson’s formula.

0 1 1
u(x,y, z,t) = g megt // a(zo, Yo, 20) dso] + ey // B(z0, yo, 20) dSo

(zo—2)*+(yo—y)* (zo—)*+(yo—y)?
+(z0—2)2=c?t? +(20—2)%=c?t?

These double integrals are surface integrals over a sphere of radius ct centered at (z,y, 2).
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Appendix B - d’Alembert’s Formula

Here the aim is to solve the homogeneous one-dimensional wave equation with two prescribed
initial conditions.

utt:czum, —o<xr<oo,t>0
u(z,0) = a(zx)
u(z,0) = B(x)

Since —o0o < x < 00, the method of operator factorization can be used to solve for u. Bring both
terms in the PDE to the left side and factor the operator.

Pu  ,0%

oz~ € 922
PPN
o2~ “ o2 )t T

9 ON(2_ 2,
ot " Cox ) \or Cor )"

=0

If we let

then the PDE becomes

To summarize, the method of operator factorization reduces the wave equation to a system of
first-order PDESs, which can both be solved with the method of characteristics.

ou ou

i c% =v(z,t)
ov ov

5 + o = 0

The differential of a two-dimensional function h(z,t) is defined by

Oh Oh
dh = adt+ %d:r.

Dividing both sides by dt yields the fundamental relationship between the total derivative of A

and its partial derivatives.
dh  Oh  Ohdzx

"ot o
Along the curves in the xt-plane defined by

% =G $(£,0) =¢, (1)

where £ is a characteristic coordinate, the PDE for v becomes an ODE.

dv
— 2
il (2)
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Integrate both sides of the ODE in equation (1) with respect to .
r=c+¢& — E=xz—ct
Now integrate both sides of equation (2) with respect to ¢.

U(éa t) = f(é-)

Here f is an arbitrary function of the characteristic coordinate. Now that v is solved for, write &
in terms of x and t.

oo, t) = f(z — ct)
The PDE for w then becomes
ou ou £ n
— —c— = f(x —ct).
ot ox
Use the method of characteristics again. Along the curves in the zt-plane defined by
d
d7?; = —¢, x(n70) =, (3)
where 7 is another characteristic coordinate, the PDE for u becomes an ODE.
d
= fla =) (4)
Integrate both sides of the ODE in equation (3) with respect to ¢.
r=-—-c+n — n=x-+ct

With this formula for z, equation (4) becomes

du
— = — 2ct).
o = fn=2ct)
Integrate both sides with respect to ¢.
u(n,t) = F(n —2ct) + G(n)
Here F' and G are new arbitrary functions. Now that u is solved for, replace n with x + ct.

u(x,t) = F(x — ct) + G(x + ct)

This is the general solution of the wave equation. Take the derivative of it with respect to t and
use the chain rule.

% = —cF'(z — ct) + ¢G'(z + ct)

Apply the initial conditions now to determine F' and G.

u(z,0) = F(z) + G(z) = oz)

0
5 (@.0) = —cF'(2) + ¢G'(2) = B(a)
Differentiate both sides of the first equation and multiply both its sides by c.
cF'(z) + cG'(z) = cd/ () (5)
—cF'(z) + ¢G'(z) = B(z) (6)
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Add the respective sides of equations (5) and (6) to eliminate F'(z).
2¢G' () = cd(z) + B(x)

Solve for G(z).
C(x) = J0'(2) + 5-B)

1

G(a) = ga(e) + o / " B(s)ds +

What we solved for is actually G(w), where w is any expression we wish. That means

1 x+ct
G(a:+ct):2a(x—|—ct)+20/ B(s)ds + Ch.

Subtract the respective sides of equations (5) and (6) to eliminate G'(z).
2cF'(z) = cd/(z) — B(x)
Solve for F(z).

F/(x) = 3/(z) ~ 5_B(x)

1

F(a) = so(z) - ;C/xﬁ(s) ds + Ch

What we solved for is actually F'(w), where w is any expression we wish. That means

1 1 x—ct
F(x—ct):2a(;v—ct)—2c/ B(s)ds + Ch.
So then
u(x,t) = F(x — ct) + G(x + ct)

x—ct x+ct
— sl ra@ra)- o [ seast o [ Beds+airc

2c 2c
1 1 1 x+ct
= —Ja(x —ct) + oz + ct)] + — B(s)ds—i—/ B(s)ds 4+ C1 + Co
2 2¢ ) 2c

= Jla(z —ct) +alo+ )] +

x+ct
20/x B(s)ds+ C1 + Co

—ct

Therefore, setting the unnecessary integration constants to zero, we obtain d’Alembert’s formula.

N | =

u(z,t) =

T+ct
[a(z —ct) + a(z + ct)] + % /_ t B(s)ds

Appendix C - The Leibnitz Rule

The Leibnitz rule is an extension of the fundamental theorem of calculus.
d M=
dz

h(x)
fatyae= [ L ar @) - Lot gta)

9(x) () dx

www.stemjock.com



